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HYDRAULIC JUMP IN THE SHEAR FLOW OF AN IDEAL
INCOMPRESSIBLE FLUID

V. M. Teshukov UDC 532.592.2+517.958

This article examines a mathematical model representing a long-wave approximation for the motion of a layer of a
turbulent ideal incompressible fluid with a free boundary above a level channel bottom. The equations of motion are represented
in the form of a system of conservation laws for mass, total momentum, and vorticity in a mixed Eulerian—Lagrangian
coordinate system. This system is then used as the basis for finding discontinuous solutions to integrodifferential equations in
the theory of long waves. We studied the properties of relations for a hydraulic jump. It is shown that different types of jumps
may occur, depending on the parameters of the incoming flow. It is found that discontinuous relations make it possible to
determine the flow parameters behind a jump for any supercritical shear flow ahead of the jump. We consider the example of
a steady-state solution dependent on a single parameter, this example illustrating the transition from one type of jump to
another.

Several investigations have studied the equations of long waves for a turbulent fluid. The authors of [1, 2] obtained
infinite series for the conservation laws, while exact steady-state solutions describing flows with a critical layer were obtained
in [3]. Particular solutions of the simple-wave type were constructed in {4, 5]. The conditions under which the equations of
motion are hyperbolic were explained in [6].

1. Formulation of the Mathematical Model. We will examine the initial-boundary-value problem

plu, + uu, + ou,) + p. = 0,

eplo, + uv, + ) + p, = ~pg, 0 S Y < KX, T),

u, + 0, =0, (.1
h, + w(X, h, TYh, = AX, A, T), p(X, b, T) = p, = const,

AX,0,T) =0, u(X, Y, 0) = u(X, V), 2(X, 0) = h(X),

describing the flow of a layer of an ideal incompressible uniform (0 = const) fluid with a free boundary Y = h(X, T) above
a level channel bottom Y = 0. Here

W= (ngn)Vz”’ o= (g1H1)1/2H1L;1”’ P = &R H p,
pl=Rp, X'=LX,Y=HY T = L(gH)"°T

are dimensional components of the velocity vector, pressure, density, the cartesian coordinates in a plane, and time; u, v, p,
p, X, Y, and T are the corresponding dimensionless quantities; R; has the dimension of density; g; has the dimension of
acceleration (acceleration due to gravity G is connected with the dimensionless constant g by the relation G = g,g,); H,; and
L, are the characteristic vertical and horizontal scales. The initial data u,, hy were determined at 0 < Y < hy(X), —o <
X < o,

An approximate theory of long waves (theory of shallow water) is established with passage to the limit ¢ = H; l-
0. The conservation equation for the vertical component of momentum in the limit gives the hydrostatic law of pressure
distribution in the depth direction:

P, =—-pg (p(X,h,T)=p). 1.2)
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We use the continuity equation and (1.2) to obtain the equations

Y
p=pgh—Y)+p,v=~ fudy. (1.3)
0
When & = 0, we can use these relations to reduce problem (1.1) to a Cauchy problem

plup + un, +ou,) +pgh, =0 (0 <Y< hX,T),

h
8 1.4
y ;;[f udY] -0, .4

u(X, Y, 0) = u(X, Y), (X, 0) = h(X)

for unknown functions w(X, Y, T), h(X, T). Pressure and the vertical component of velocity are determined by Egs. (1.3).
Equation (1.4) leads us to the vorticity conservation equation:

(w)T + u(w)x + U(w)y = () (w = uy)

(in the approximation of long-wave theory, vorticity coincides with —uy). The equation just given has the following
consequence: if w = O at the initial moment of time, then @ = 0 at all T. In the case of irrotational flow, Eq. (1.4) reduces
to the classical equations of the theory of shallow water:

u, + uu, + gh, =0, b, + (uh), = 0. 1.5)

Discontinuous solutions of the system of shallow-water equations model moving hydraulic jumps. To obtain relations
linking the parameters of the flow on both sides of the jump, we need to convert Egs. (1.5) into a system representing the
conservation laws for horizontal momentum and mass in the fluid layer:

(phu), + (phu’), + (27'pgh’), = 0, ph, + (puh), = 0. (1.6)

We use (1.6) to obtain relations for the front of the discontinuity X = x(t):
l[ph(u — DY* + 27pgh*]1 = 0, [ph(x — D)] = 0. 1.7
Here, [f] = f* — £~ is the difference between the limiting values of the function f on the line of discontinuity X = x(t); D
= x'(t) is the velocity of the front. The sign of u — D determines the direction of the flow relative to the front. The condition

for stability of the discontinuous flow reduces to decay of the total energy of the layer upon intersection with the line of
discontinuity. One consequence of this condition is the inequality

|u — D| > Veh; (1.8a)
|u - D| < V&, (1.8b)

Inequality (1.8a) must be satisfied for limiting values of the flow parameters ahead of the front, while (1.8b) must be satisfied
behind the front (supercritical and subcritical flows relative to the front).

More accurate modeling of actual flows requires that we consider the dependence of the profile of horizontal velocity
on the vertical coordinate (uy # 0). An approximate approach employed in hydraulics connects mean flow velocity in the depth
direction U with mean-square velocity

alU¥(X, T) = b [PdY ([ udY = hU) (1.9)
0 [
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(o is an empirical parameter which corrects for the momentum of the flow). By integrating the first equation of motion (1.4)
over Y and using (1.9), we can close the equations for the mean quantities and use relations for the discontinuity that have an
empirical constant.

Our goal here is to propose a model of hydraulic jumps in a turbulent flow on the basis of conservation laws that follow
from the basic equations of motion. We propose to use relations for the discontinuity to determine the depth of the layer, mean
velocity, and the overall profile of velocity in the depth direction.

We should briefly discuss the main features of the modeling of discontinuous flows such as those being examined here.
Discontinuity of the trajectory of the particles is a characteristic feature of the model — a feature that importantly distinguishes
hydraulic jumps from other types of discontinuities known in hydrodynamics. The fluid particles suddenly move to another
height when they cross the front of the discontinuity (Fig. 1, where the trajectory of a particle is represented by the dashed
line). Thus, when deriving the balance relations for the front, we need to connect values of the flow parameters at different
Eulerian points (points A and B in Fig. 1). We have no a priori knowledge of the location of the point B where the particle
leaves the jump region after entering at point A. Thus, the first step in constructing a mathematical model is to change over
to mixed Eulerian—Lagrangian coordinates by means of the relations

T=t,X=x,Y=®x,11)
(A is the vertical Lagrangian variable). Here, $(x, t, A) is the solution of the Cauchy problem
D + u(x, ©, )0, = o, D(x, 0, 1) = Ahy(x). (1.10)

In the new variables, the flow regions correspond to the zone 0 < \ < 1, while the equations of motion take the form

(6]
1
u +uu, +gf Hdo=0; (1.11a)
0
H + (uH), = 0 (H(x, t,A) = O,(x, 1, 2)). (1.11b)
A second important element of the modeling process is the selection of the system of conservation equations. Equation

(1.11b) expresses the local mass conservation law. After multiplying (1.11a) by H and integrating over A, we also obtain the
conservation law for the total horizontal momentum of the layer:

1 1
(J ubdv), + ([ Hdv + 27'gH)_ = 0. (1.12)
0 o

We need one more local relation to close the model. The divergence equation, being a consequence of system (1.4),

1
(pHu)_ + (pHW), + (pH), — (p®), = 0 (p = pg [ Hav + py) (1.13)
a

formally coincides with the local conservation law for momentum. However, Eq. (1.13) loses meaning for discontinuous
solutions of the type we are examining.
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In fact, if the quantities u, ®, H, and p have first-order discontinuities at x = x(t), then the last term in (1.12) becomes
meaningless. The quantity under the derivative sign for A is mathematically indeterminate, this being the product of the
discontinuous function p and the function $,. The latter function has a singularity of the Dirac delta function type at x = x(t).

As an additional closing equation, we propose using a corollary of the equations of motion — the vorticity conservation
law

(0H), + (uwH), = 0 (w = u, = wH™), (1.14)

which is also formulated in mathematically determinate terms in the case of flows with discontinuous trajectories. In sum, we
propose to find discontinuous solutions to the equations of long waves by using system of conservation laws (1.11b), (1.12),
and (1.14). Writing these laws in integral form leads us to the following equations at the front of the jump:

1
[H(u - D)1 =0, | [ H(u — Dy*dA + 27'gh*] = 0, [wH(u — D)] = 0. (1.15)
0

In the special case of irrotational flow, Egs. (1.15) coincide with (1.7) (if u; = 0, then, in accordance with (1.10),
H = h(X, T)). We use Egs. (1.15) to obtain the corollaries (the first relation is valid at points on the front where H(u — D)
#= 0)

[@]=0,[¥L =0 (¥=(207'(u - D)+ (pg)"'p + V). (1.16)

This means that vorticity is conserved in the Lagrangian particle with the crossing of the discontinuity. The quantity
¥ is called the total head in hydraulics. The last relation means that the jump in the total head (calculated in a coordinate
system that moves with the front) is independent of depth (since the pressure is hydrostatic).

It is known that vorticity is conserved along trajectories in the exact model of the plane-parallel flow of an ideal
incompressible fluid. This fact supports the use of conservation law (1.14) in the theory of discontinuous flows — at least for
low-amplitude jumps.

Along with Egs. (1.15), we also need to satisfy the condition for the reduction in the total energy of the layer with the
transition of the flow across the front when either D — u = 0 or D — u < 0 on the front. With allowance for (1.15), this
condition can be represented in the form

1
fH(u - D)[27%(u — Dy + p + pgPldl 2 0, (1.17)
1]
where [f(x, t, N)] = f(x(t) + 0, t, \) — f(x(t) — O, t, \).
2. Properties of Relations for a Hydraulic Jump. Let us assume that the flow parametersu = u;, H = H, are known
ahead of the front along with the velocity D of the jump. We will examine the question of determining the parameters of the
flow behind the front. The last relation of (1.15) is written as

[(u - D)} = 0.

Thus, K = [(u — D)?] is independent of A. For the sake of definiteness, let the flow arrive at the front from the left: u; —
D > 0. Then [u — D)?] = (u; — D)?> — (u, — D)? and

4, = D = ((4, ~ D)’ - K)"* (K < K, = min(u, — D)?. 2.1
A
The first relation of (1.15) allows us to determine
Hz = Hl(ul - D)((ul - D)z - K)-l/z 2.2)

(the subscript 2 pertains to parameters behind the front). Inserting u, and H, into the conservation law for total momentum,
we obtain
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F(K) — F(0) = 0 (2.3)

to determine K € (0, K.). Here

1
FK) = le(ul - D)((ul - D)Z _ K)Uzdl
0
1
+ 2'13( Iﬁl(ul - D)((ul - D)Z _ K)-Uza'.l)z_
0

By virtue of (1.16), the quantity [271p(u — D)2 + p + pg®] = pg[¥] is independent of A. Thus, the sign of the expression
in the left side of (1.17) coincides with the sign of o(K) = g[¥]. The derivative of the function ¢(K) is calculated in the form

1
o'(K) = 271 - gf”l(ul - D)((u, - D) — K)-yzd'l)-
0

AtK — — o ¢'(K) »2!, while at K » K. ¢'(K) = — oo Since ¢"(K) < 0, there exists a unique value K, such that ¢’'(Ky)
= 0. It follows from the equality o(0) = 0 that o(K) has a unique positive maximum at the point K;. It follows from these
properties that o(f) > 0 for any / within the interval from 0 to K if o(K) = 0.

The derivatives of o(K) and F(K) are connected by the relation

F(K) = - h(K)o'(K)

1
(hy(K) = | Hy(u, = D)(u, — DY - K)™"*dh). @24)
o
We obtain the following equality as a corollary of this relation
K
F(K) = F(0) = = h(K)o(K) + [ k' ,(Do(Dal. @2-5)
0

Equality (2.3) and the inequality ¢(K) = 0 are incompatible at K < 0. In fact, if o(K) = 0, then o(f) > 0 for [ between 0
and K. Also, since ﬁz(l) > 0, both terms in the right side of (2.5) are negative at K < 0. Thus, roots K of (2.3) satisfying
the inequality o(K) = 0 can be found only on the interval (0, K.). The function ¢ will be positive at positive K only when the
assigned parameters of the flow satisfy the inequality ¢'(0) > O; here, K € (0, K.). The function F decreases monotonically
on the interval (0, K,) and reaches a minimum F(K;) < F(0). It then increases monotonically on the interval (K, K.). If F(K.)
> F(0), then Eq. (2.3) has the unique root K on the interval (K, K.) and ¢'(K;) < 0 at point K.

At F(K+) < F(0), Eq. (2.3) has no roots on the interval (0, K.). If K = K., then u, — D vanishes at those points
where (u; — D)? = K.. We will assume that the minimum value of (u; — D)? is reached only at the point A = A« We can
then find the parameters u,, ®, behind the discontinuity, with ¢, undergoing a jump at A = \.:

O, (x(1), 1, 2) = DYx(D), 1, 4) + n(x(1), HOA — A,). (2.6)
Here, @; is a continuous function; (A — A.) is the Heaviside function (§ = 1 at A > As, 0 = 0 at A < A,). In the regions

A < Avand A > A4, uy and H, are determined by formulas (2.1) and (2.2) with K = K.. We take u, = D in an interlayer
of thickness 7:

‘.
h, = [ H(u - D)((u, = DY = K) VA < Y < 7 + h,
0
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The total depth of the layer of fluid behind the discontinuity is determined by the equality h = hy(K.) + 5. We obtain the
following for n from the conservation law for total horizontal momentum (1.15)

27'g(h(K,) + 1)’ = 27'ghY(K,) — (F(K,) — F(0)). 2.7
The right side of (2.7) is positive, since F(K«) < F(0). This allows us to unambiguously find the thickness of the interlayer
n = [K(K,) = 287 (F(K,) — F(0))]"* = h(K,). (2.8

By virtue of Eq. (2.4)

Ke

o(K,) = — K NKNF(K.) — F(0) — Jh*h((F() — F(0))dl > 0,

4

Inequality (1.17) is thus satisfied (when y € (hs, hs + n)u, = D, with the interlayer making no contribution to the energy
flux). We should note that the first condition of (1.15) is satisfied in the sense of generalized functions at values of &,
determined by (2.6).

The inequalities 0'(0) > 0, ¢'(Ky) < 0 can be represented in the form

1
1 - gf H(u - D)% > 0; (2.92)
g

3
1 - gf Hyu, - D)7k < 0. (2.9b)
0

It was shown in [6] that Eqs. (1.11) have real-valued characteristics determined by the differential equations x'(t) = ki(x, t)
(i = 1, 2), where ki are roots of the equation

1
1~ gf Hu - B2l = 0 (&' < minu, ¥ > maxu). 2.10)
¢ i 1

Then inequalities (2.9) represent the conditions that must be satisfied for the flow to be supercritical ahead of the front and
subcritical behind it. For the situation being examined, expressions (2.9) lead to the Lachs condition for the stability of a
discontinuity k; < DK ki (the subscript denotes the state for which the characteristic root k! is calculated). Similar
inequalities are satisfied when F(K.) < F(0). It follows from (2.9) that the velocity of the front D approaches the characteristic
velocity as the amplitudes of the discontinuity approach zero.

After we find u,, ,, and H, = ®,,, we can change over to the variables X, Y, T once we have expressed A in terms
of X, Y, and T from the equation Y = ®(X, T, N} (Y = &,(X, T, N\) in the region ahead of the jump). By virtue of these
relations, the vertical Eulerian coordinate Y = Y, behind the jump is connected with the Eulerian coordinate ahead of the jump
Y = Y, by the relation Y, = Y,(Y,). We represent Eqs. (1.15) as

(u, = DydY, = (u, — D)dY,, (u, — D)du, = (u, — D)du,,
by !

f(u, = DYdY, + 2gh} = [(u, — DY'dY, + 2'eh;

0 0

In sum, we can conclude that two types of hydraulic jumps can propagate at supercritical (in the sense of (2.9a))
velocity D ahead of the front in the given state. For the first type, uy — D # 0 behind the front. This type of jump is possible
if the assigned flow and the velocity of the jump D satisfy the conditions F(K4) — F(0) > 0. If F(K«) — F(0) < 0 and if (u,
~ D)? reaches a minimum at a single point, then a jump may occur with the presence of a stagnant (relative to the front) zone;
on the front behind the jump, u — D = 0 at h« <y < hs + 7. If (u; — D)? reaches its minimum value immediately at
several points, then only the total thickness of the interlayers can be determined from the balance of total momentum.

It should be noted that transients develop in steady (in the system of reference of the front) flows before the steady state
is reached completely, and the formation of stagnant zones may depend on the previous history of the system. For a monotonic
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velocity profile, when uyy # 0, the minimum value of (u; — D) is reached either on the bottom or on the free surface. The
formation of a stagnant section on the front near the free surface might be interpreted in one of two ways: the possible
appearance of a pronounced "roll" [7]; the appearance of a region of reverse flow near the bottom. The authors of [3] presented
examples of steady-state solutions of Egs. (1.4) describing flows with closed streamlines and regions of reverse flow in the
neighborhood of the critical layer (u — D) = 0. Possible flow patterns are shown in Fig. 2. It is clear that the pattern of flow
in the region behind the front is also determined by conditions to the right of the front.

As an example, we will examine a steady hydraulic jump on a shear flow. Let a steady flow with the velocity u(Y)
= Uexp(vY), v{(Y) = 0 (where U is a positive constant, y = Bh;1, B = const) be assigned at X < Oinalayer0 < Y <
hy. The law governing the correspondence between the entry and exit points of the trajectories Y,(Y) at the front is found as
the solution of the problem

dY,/dY, = u(Y)(ui(Y) - K)™"2, ¥,0) = 0.

Integration yields the relation

exp(yY,) = ch(rY, + (1 - K)Vsh(yYy) (K= KU™

and the expression for velocity behind the front (X > 0)
u(Y) = U((1 = K)"?ch(yY,) + sh(yY))). (2.11)
The condition that must be satisfied for the flow ahead of the front to be supercritical (2.9a) is equivalent to the inequality

F;? < 26(1 — exp( — 28))™' (F, = U(gh)™").
The resulting relations allow us to calculate

F(K) — F(0) = (28)" A IP1&(e* - K)V2 - (1 - K)'?
- Kn{(¢ + (¥ - KPH(1 + (1 = K)'H7}
+ Bl + (¢~ K)VH(1 + (1= kYY) - ¥ + 1 - BF7)
At 8 > 0, K; = 1 corresponds to the value K = K« = U2, Let 8 = In 3. The inequality F(K.) — F(0) > 0 is satisfied for
Froude numbers F; satisfying the inequalities 1.17468 > F; > 0.63604. In this case, the equation F(K) — F(0) = 0 has the

single root K, in the interval (0.1). Then v,(Y) = 0 and u,(Y) is determined by Eq. (2.11) in the region behind the front (X
> 0), while the depth of the fluid layer is determined by the formula

h, = h(K) = 7 RIn{(& + (¥ - K)")(1 + (1 — K)*)7Y} (B = 1n3).

If F; > 1.17468, then the total depth of the fluid layer behind the jump is determined by the expression

hy = (K1) — 2g7(F(U?) = FO)™
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At0 <Y < hy — hy(1), uy(y) = 0 and vo(Y) = 0. In the layer h, — h,(1) < Y < h,, the horizontal component of velocity
uy(Y) is given by Eq. (2.11). Here, Y, must be replaced by the quantity Y + hy(1) — h,. The vertical component of velocity
v,(Y) = 0. The second solution describes flow with a hydraulic jump and a stagnant zone near the bottom.

Let us address the question of determining the flow parameters uy(x, t, A), Ho(x, t, N) behind the front of a weak
hydraulic jump on the basis of assigned parameters u;(x, t, A), H;(x, t, A), D. Here, it is convenient to take K = ¢ << 1.
If we represent u, — D and H, in the form

uy— D=u - D+ edu,, H, = H + ¢dH,
(6u, and 8H, are the sought perturbations) and if we satisfy the relations for the discontinuity with first-order accuracy, we

will have

du, = — (A, = D)™, 8H, = 27 H (u, = D), @.12)

Here, it is necessary that D = k}, where k} is the root of characteristic equation (2.10) calculated for state 1. In Eulerian
coordinates, we obtain the following representations for the parameters of the flow behind the jump:

u,(Y) = u(Y) ~ 27! e((u(Y) - D)™ + (1)) f
hy = h + (2g)7".

( ul('l) Dy’

The correspondence between the points on the jump is given by the equation:

f

(ul(ﬂ) Dy”

It was shown in [6] that, under certain conditions (conditions under which the system is hyperbolic), system (1.11) leads to
the Riemannian invariants

Rl+qu=O,w,+uwx=.0,ru+k"rk=0(i=1,2).

Here, R(x, t, A), w(x, t, N), and r;(x, t) are determined by the formulas

1

1
dv
R = u(d) — gf H(»)av ¢ H()
0

b = H_lv i i
T e Bl umy ¥

(k! and k2 are roots of the characteristic equation; for the sake of brevity, the dependence of the functions on the variables x
and t is not indicated in the notation). The author of [8] analyzed simple waves (particular solutions of system (1.11) having
the form u = u(a(x, t), N), H = H(a(x, t), N), o + klozx = () and showed that R = R(\), w = w(N\), 1, = rg = const, in
the region of a simple wave if R = R(\), w = w(N), 1; = const ahead of this wave (conservation of the Riemannian invariants
R, w, and r, in a simple wave propagating at the characteristic velocity k!).

For the given case of flow behind a weak hydraulic jump

gj, H,(v)dv g} H (v)(Su,(v) — du,(d)) =
) a0 — (}.) ()~ w @Y ' @.13)
dw = (du,),H' — u H0H, = 0,
Y (v)dv j. H (vYou,dv
- g w(¥) - o () - Ky’ -
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Equations (2.13) are verified directly using Egs. (2.12) and Eq. (2.10), the roots of which are ki and kf. Thus, in the
transition through a weak leftward hydraulic jump, the changes in the Riemannian invariants R, w, and r, are of a higher order
than the amplitude of the jump. Here, as in gasdynamics, there is an analogy between the behavior of simple waves and low-
amplitude discontinuities.

The model proposed here for hydraulic jumps describes a new type of hydrodynamic discontinuity associated with
sudden changes not only in velocity and pressure, but also the Eulerian coordinate of particles. In an actual flow, the movement
of a particle to a new elevation occurs over a finite distance. However, the size of the region over which this transition takes
place is small compared to the characteristic scale of long-wave processes. Thus, in an approximate theory, the transition is
modeled by a discontinuity in the particle trajectory. An analysis of the model shows that this approach is quite suitable for
describing low-amplitude discontinuities. Within the range of large amplitudes, the model indicates that changes might take
place in the structure of the flow within the region behind the jump. Empirical velocity profiles measured in the depth direction
are needed to determine the level of agreement between theory and experiment.

This study was conducted with financial support from the Russian Fund for Basic Research (Grant No. 93-013-17621).
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